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The stress fields in the infinite electrostrictive plate with an elliptic inhomogeneity are discussed in this paper. Firstly, the 
general solutions of functions for electric and stress fields are derived with the help of analytical complex method. 
Secondly, explicit results by the complex series expanding, are given for the cases of electrostrictive material with an 
elliptic inhomogeneity. Finally, numerical calculations are made to discuss the effects of applied electric loading on the 
certain problem. It is found that, although the electric fields in the inhomogeneity are uniform, the stresses in the 
inhomogeneity are not uniform in general case, which is different from the solution of Eshelby theory for elastic 
materials. 
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1. INTRODUCTION 
Electrostrictive materials are smart materials which have 
the merits of large energy density and high efficiency on 
electro mechanical transformation [1]. The electric and 
stress field will concentrate when the defect or 
inhomogeneity exist [2,3] . Thus, the fracture analysis 
attracts much attention. 
    According to the methods of complex variable 
deduced by Muskhelisvili[4], Knops[5] introduced the 
solutions of the stress fields for the electrostrictive 
materials. Smith and Warren[6] studied the 
electro-elastic problems of infinite electrostrictive plate 
with a narrow elliptical flaw or the rigid conductor. Jiang 
and Kuang[7,8] discussed the electric and stress fields 
for the infinite electrostrictive plate with an elliptical 
conductor and inhomogeneity, respectively. It is noted 
that, the stress fields in reference [8] are only involved in 
the case that the matrix and inhomogeneity have the 
same elastic constants. Therefore, it is the purpose of this 
paper to discuss the stress fields for the infinite 
electrostrictive plate with an elliptical inhomogeneity of 
different elastic constants.  
2. BASIC EQUATION 
2.1. Constitutive equations and boundary conditions 
The constitutive equations of electrosstrictive materials 
in isotropic state can be written as [7, 8] 
1 2
1 12
2 2ij ij kk ij i j k k ij
e e a E E a E Eσ μ λ δ δ= + − − ,    (1a) 
i ij jD Eε= , 1 2ij m ij ij kk ija e a eε ε δ δ= + + ,      (1b) 
where ,ij ijeσ and ,i iD E are the stress, strain and 
electric displacement and field. ijε is the electric 
permittivity. 1a and 2a are the two independent 
electrostrictive constants; ijδ  is Kronecker delta; 
λ and μ are Lame constants which can be expressed by 
Young's module Y and Poisson ration ν  with 
/ [(1 )(1 2 )]Yλ ν ν ν= + −  and / [2(1 )]Yμ ν= + . 
The equilibrium equations are 
, ,0, 0
e
ij j i i jf Dσ + = = ,                  (2a) 
where eif is the electric body force which can be 
expressed by Maxwell stress Mijσ  
,
1 1, ( ) .
2 2
e M M
i ij j ij i j j i k k ijf D E D E D Eσ σ δ= = + −     (2b) 
On the interface, the boundary traction and 
displacement satisfy 
( ) ( ) ,
m M M
iij ij j ij ij j i in X n u uσ σ σ σ
+ − + − + −− = − − = ,   (3) 
where ijσ
+ , ijσ
−  and iu
+ , iu
−  are the stresses and 
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displacements along the interface of the different 
materials. miX  is the mechanical traction on the 
boundary. in  is the normal vector component of the 
interface. 
2.2. Stress fields and the boundary conditions for 
plane problem 
The stresses in the electrostrictive materials can be 
written with complex variable as follows[8] 
' ' ' '
22 11 1 12[ ( ) ( )]z z z zσ σ κω ω φ φ+ = ( ) ( ) + + ,       (4a) 
'' ''
22 11 12 1
' ' 2
1
2 ) 2[ ( )
( )] [ ] ,m
i z z z z
z z
σ σ σ κω ω φ
ψ ε ω
− + = ( ) ( +
+ + ( )
        (4b) 
where 1 zφ ( ) and 1 zψ ( ) are the two stress functions; 
1 21 2 ( 2 ) / [4(1 )]v a a vκ = −( − ) + − ; zω( ) is the complex 
potential of the electric field, and we have the relation of 
1 2'( ) .z E iEω = − +                 (5) 





2 ( ) ( )
2
( ) ( ) ( ) ,
u iu K z z z
z z z z
κμ φ ω ω
φ ψ χ
+ = − ( ) ( )
− − + Ω
          (6a) 
where 3 4K v= − . And we also have 1( 2 ) / 4maχ ε= −  
and ' 2( ) {[ ( )] }z z dzωΩ = ∫ . 
Finally, the boundary condition for the 
electrostrictive materials can be written as 
' '
1 2 1 1 1( ) [ ( ) ( ) ( )] .2
B B
AA
i X i X ds z z z z z zκφ φ ψ ω ω+ = ( ) + + + ( )∫   (6b) 
3. STRESS FIELDS FOR THE INFINITE PLATE 
WITH AN ELLIPTIC INHOMOGENEITY 
Consider an elliptic inhomogeneity with the major and 
minor axis of 2a  and 2b  in an infinite plate, which is 
shown in Fig.1(a). The elastic constants of the 
inhomogeneity and the matrix are ,Y v+ + and ,Y v− − . 












The electric fields are solved firstly as we mentioned 
before. The electric complex potential for the infinite 
plate with an inhomogeneity can be written as [7] 
( ) ( ), ( ) ( )mz RP z z RQ z
z z
αω ω+ −= + = + ,     (7) 
where Q E
∞
= − . In Eq.(7), superscript”+” represents 
the fields in the inhomogeneity and “-” represents the 
fields outside, and we have 
2 [ ( ) ( ) ]
[ (1 ) (1 )][ (1 ) (1 )]
m m m m m
m m m m
m E EP
m m m m
ε ε ε ε ε
ε ε ε ε
∞− − + ∞ + −
+ − + −
− − +=
+ + − − + +
, 
2 2 2(1 )[( ) ( ) ] 4 .
[ (1 ) (1 )][ (1 ) (1 )]
m m m m
m m m m
m E m E
m m m m E
ε ε ε εα
ε ε ε ε
∞− + ∞ + −
∞+ − + −
− − +=
+ + − − + +
 
where 1 2E E iE















Figure 1. Infinite electrostrictive plate with an elliptical 
inhomogeneity 
The method of conformal transformation is 
introduced to solve the stress fields. The function ( )g ζ  
of conformal transformation is defined as 
( ) ( )mz g Rζ ζ
ζ
= = + ,                (8) 
where ( ) / 2R a b= + , ( ) / ( )m a b a b= − + . 
From transform formula, the outline of elliptic in 
z  plane is mapped to the unite circle in the transformed 
ζ  plane. Furthermore, we note that the line segment 
Γ  in Fig.(1a) will be mapped to the circle r  with the 
radius 
0 mρ = , which is shown in Fig.(1b).  
In the transformed plane, the displacement fields 
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2 ( )






κ ω ζμ φ ζ ω ζ
ζ
φ ζζ ψ ζ χ ζ
ζ
( )+ = − ( )
− − + Ω
         (9a) 





( )( ) ( )
( )
( )( ) .
2 ( )
i X i X ds g
g
g
φ ζφ ζ ζ
ζ
κ ω ζψ ζ ω ζ
ζ
+ = ( ) +
+ + ( )
∫        (9b) 
In addition, we define stress functions ( )φ ζ+  and 
ψ ζ+ ( )  in the inhomogeneity, and ( ),φ ζ ψ ζ− − ( )  in the 
matrix, respectively.  
For the points on the line segment Γ , we 
have z z= , 1 1( ) ( )z zφ φ= and 1 1( ) ( )z zψ ψ= .Therefore, 
the stress functions ( )φ ζ+  and ψ ζ+ ( )  in the 
transformed plane can be rewritten as 
0 1 0 1
( ) , ( )k k k k k kk k k k
k k k k
c m c d m dφ ζ ζ ζ ψ ζ ζ ζ
+∞ +∞ +∞ +∞
+ + + − + + + −
= = = =
= + = +∑ ∑ ∑ ∑ , (10) 
where kc
+  and kd
+  are the unknown complex 
constants which will be determined by the linear 
equations. 
In the matrix, the Laurent series of stress functions 
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( )φ ζ− and ψ ζ−( ) can be given by 
1 2
0 0
( ) , ( ) ,k kk k
k k
c R d Rφ ζ ζ ζ ψ ζ ζ ζ
+∞ +∞
− − − − − −
= =
= + Γ = + Γ∑ ∑   (11) 
where kc
− and kd
− are the complex constants to be 
determined. 1Γ and 2Γ are the constants which can be 
determined by the boundary at infinite. 
When there is no mechanical traction on the interface, 
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( )( ) ( ) ( )
2 ( ) ( )
( ) [ ( )
2 ( )
( )( ) ( ) ( )]
( )
t tK t t g t t
g t g t
tt h K t t
g t
tg t t t
g t
κ ω φφ ω ψ
κ ωχ φ ω
φ ψ χ
+ + +
+ + + +
− −
+ + − − −
−
− − −
( )− ( ) − −
( )+ Ω = − ( )
− − + Ω
      (12b) 
where the ratio /h μ μ+ −= ; t  is the complex variable 
on the unite circle, and we have 1/t t= .  
After comparing the coefficients of the same order of 
variable t , the continuity condition (12a) yields 
4




mc mc c d m c c mc md
RPPm RQQ Rm Rκ κ α
+ + − + + + − +
+ −
+ − + − + + −
= − + + Γ + Γ
    (13a) 
3




c c d d m c c mc
md
+ − + − + + −
+
− + − − + +
− =
        (13b) 
3
0 0 0 0 2 2
2
2 2 2 ,
2
2 0
mc mc md md c m c
mc m d d
+ − + − + +
− + −
− + − + + −
+ + − =
      (13c) 
2 2
1 1 1 1 1
2
1 1 2 ,
(1 ) (1 )
(1 ) (1 )
2 2




+ + − − −
+ −
− + − + + −
= − − + −
+ Γ + Γ − Γ
       (13d) 
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1 1 1 1 1 3
4 3





mc mc c m d md c




+ + − + − +
+
+ − + −
−
− − + − + +
− + + − =
− − Γ
       (13e) 
when 0 3k≤ ≤ . And, 
2 1
2 2 2 2
1
2 ,
( 2) ( 2)
0
k k
k k k k
k k
k k k k k k
mc k m c k c m d
md c km c kmc m d d
+ − + − − +
− − − −
− + + + − + −
−
− − − + − −
+ + − + + − =
  (13f) 
2





k k k k
k
k k k k
m c k mc c d
m c kc mc md
− + + − +
− − − −
+ + + − +
+ − − +
− + + − =
         (13g) 
Furthermore, the continuity condition (12b) also yields 
4
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+ + + − − + + + +
+
− − + − +
−
− − − − −
+ + = − +
− − Γ − Γ
     (14a) 
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0 0 0 0 2 2





K c hK c d hd K m c c
mhK c md h RQ m m iχ α π
+ + − − + − + + +
− − + − −
− − + − −
+ + = − −
     (14b) 
2 2
1 1 1 1
2 2
1
1 1 2 ,
(1 ) ( 1)




K m c m c mhK c mhc
hd h RQ m RPP m
RQQh RhK hR mRh
κχ α
κ αα





− + − + −
+ = − + −
− − + Γ − Γ + Γ
       (14c) 
0 0 0 0 2
3 2
2 2 2 2
2 1/ 2 2 ,
2 2
1 ( ) ln( 1)
2
K mc K mhc md hmd K c
m c mhc m d hd
RQ h m mχ α
+ + − − + − + +
+ − + −
− −
− + + − +
+ − − +
= − −
        (14d) 
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RP m RPPm RQQh K Rmh
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κ κχ α
+ + + − + − + + +
− + − −
+ −
+ −
− + − + − + +
− −− − + =
+ − + − Γ
   (14e) 
when 0 3k≤ ≤ . And, 
 2 12 2 2 2
1
2
( 3)/ 22 2 ,
( 2) ( 2)
[1 ( 1) ]( )
( 2)
k k
k k k k
k k
k k k k k k
k k
mK c k m c k hc m d




+ + − + − − +
− − − −




− + − − − +
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− −= −
−
   (14f) 





k k k k
k
k k k k
K m c k mc hK c d
m K c kc mhK c md
+ − + + − − +
− − − −
+ + + + − − +
− − − −
− − + + =
        (14g) 
when 3k > . 
From these linear equations (15)-(16), the complex 
constants ,k kc d
+ +  and ,k kc d
− −  can be solved out 
without any difficulties. Furthermore, the stress fields in 
the transformed plane can be written by 
' ' ' '
' '' '
,
( ( ) ( )2[ ]
( ) ( )( ) ( )g gg g
θθ ρρ
ω ζ ω ζ φ ζ φ ζσ σ κ
ζ ζζ ζ
) ( )+ = + +






' ' ' ' .
)2 { [ ]
( ) ( )( )
( ) ( )2{ [ ] } [ ] }




g g g g
θθ ρρ ρθ
ζ ω ζ ω ζσ σ σ κ
ζ ζρ ω ζ
ζ φ ζ ψ ζ ω ζε
ζ ζ ζ ζ
( ) (− + =
( ) ( )+ + +
       (15b) 
Consequently, the stress functions ( ),φ ζ ψ ζ+ + ( )  
and ( ),φ ζ ψ ζ− − ( )  can be given out. Therefore, the stress 
fields can be calculated out by Eqs.(15). 
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4. NUMERICAL EXAMPLEMS 
The stress fields in the matrix and inhomogeneity 
induced by the electric loading at infinity are considered 
in this section. In the numerical calculation, the material 
constants are taken as: 2a = , 1b = , 0.26v+ = ,  
94.899 10mε
+ −= × , 62 4.899 10a
+ −= − × , 9281 10Y + = × ,
9110 10μ + = × , 1.1v v− += , 1 22a a+ += , 2m mε ε
− += ,
1 12a a
− += , 2 24a a− += , 1 2 1000E E∞ ∞= = . 
In Fig.2, stresses θθσ , ρρσ and ρθσ  are shown 
according to the normalized location 1 /x a  with 
different ratio h . 
























































































Figure 2. Stresses distribution along 1x  in 
inhomogeneity and matrix 
From Fig.2, the stresses of ρρσ  and ρθσ  are 
continue on the interface of matrix and inhomogeneity, 
which reveals that the numerical results are correct. 
Figs.2(a)-(d) also show that the stresses near the interface 
are large for the “stiff” inhomogeneity ( 1)h > , and small 
for the “soft” one ( 1)h <  comparatively. Therefore, the 
elastic property of the inhomogeneity is a key factor to 
the stress distribution in the whole fields. Furthermore, 
the stresses are slightly non-homogenous in the elliptic 
inhomogeneity. 


















































Figure 3. Stresses distribution with different ratio h  
In Fig.3, the stresses θθσ , ρρσ and ρθσ  on the 
interface are shown according to the angle θ  with 
different ratio h . Since that the electric loading is 
45°according to axis 1x , the stress distributions are not 
symmetrical with angle θ . We also find that the stresses 
scatter on a larger scale when the ratio h  increases.  
5. CONCLUSION 
The stress fields in the infinite plate with an elliptical 
inhomogeneity are studied with the help of the methods 
of conformal transformation and the series expanding. 
The stresses can be given after these linear equations are 
solved. The numerical results show that the stresses will 
concentrate near the interface of the inhomogeneity and 
the matrix. When the ratio h  increases, the stresses 
fields become larger in the material. It is also found that 
the stresses are not uniform in the elliptic inhomogeneity. 
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